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Abstract
The transverse Lusternik–Schnirelmann category of a foliation is an invariant of foliated homotopy
type. In this paper we show that the category of a Riemannian foliation is infinite if there exists a
non-compact leaf verifying certain conditions. Examples of the obstruction to construct categorical
coverings in such foliations are given.
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Introduction
The Lusternik–Schnirelmann category of a topological space X was introduced in the
1930s [15] as a homotopy invariant which gave a lower bound for the number of critical
points of a function on a compact manifold. The original definition was essentially the
minimum cardinality of a covering of X by opens sets which are contractible in X. There
have been a number of extensions of LS category to various fields, especially for actions
of compact groups [11,16], fibrewise spaces [14] and, more recently, foliations [3,4]. For a
recent discussion on modern developments in LS category see [7].
All manifolds, maps and foliations considered are assumed to be smooth.
Let (M,F), (M ′,F ′) be two foliated manifolds. A homotopy H :M × I → M ′ is said
to be foliated if for all t ∈ I the map Ht sends each leaf L of F into another leaf L′ of F ′.
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We describe an open subset U ⊂ M as transversely categorical if there is a foliated
homotopy H :U × I → M such that H0 :U → M is the inclusion map and the image of
H1 is contained in a single leaf of F . Here U is regarded as a foliated manifold with the
foliation induced by F . In other words, the open subset U of M is transversely categorical
if the inclusion (U,FU) ↪→ (M,F) factors through a leaf up to foliated homotopy.
The transverse Lusternik–Schnirelmann category, cat∩| F , is the least integer k such that
M may be covered by k open saturated subsets which are transversely categorical in M . If
no such covering exists, then the transverse category is defined to be infinity.
The concept of transverse category was introduced in [3,6]. It is an invariant of foliated
homotopy type. The transverse category provides a lower bound for the number of critical
leaves of any basic function on a compact manifold endowed with a compact-Hausdorff
foliation [6]. For a foliation defined by a fibration, its transverse category is just the
category of the leaf space M/F .
For a compact-Hausdorff foliation F , the transverse category cat∩| F is always finite. It
is an open problem to classify the foliations for which cat∩| F < ∞. This paper deals with
the classification problem for a given class of foliations.
Here is a summary review about the state of the classification regarding the finiteness
of the category at the present.
From now on, M will be a compact manifold.
The main result used to determine for which foliations the transverse category is finite
is an existence theorem for compact leaves in foliations with finite transverse category.
This theorem relates the finiteness of the transverse category with the existence of compact
leaves.
Theorem 1 [12]. If M is a compact manifold and cat∩| F < ∞, then F has a compact leaf.
So if the foliation has no compact leaves, the transverse category is infinite.
Now we present the case in which the foliation has all the leaves compact. Recall that
a foliation F is called compact if all leaves are compact and F is said to be compact-
Hausdorff if F is compact and the quotient space M/F is Hausdorff. The transverse
category cat∩| F is finite if F is a compact-Hausdorff foliation and M is compact [6].
The converse was shown by Hurder and Walczak: if F is a compact foliation on a
compact manifold with cat∩| F finite, then M/F is Hausdorff [13]. This last result gives a
new equivalence to the classical theorem of Epstein [10] of characterization of compact-
Hausdorff foliations. Therefore, if all leaves are compact, the transverse category is finite
in case that the foliation is compact-Hausdorff and infinite otherwise.
Finally, the case in which the foliation has both compact and non-compact leaves has not
been studied in general. There are examples of foliations in this case with finite transverse
category, as well as other examples where the transverse category is infinite.
For instance, the Reeb foliation F in the 2-torus with one Reeb component has infinite
category since there is no categorical saturated open set containing the compact leaf.
Whereas, if we consider the foliation F with two Reeb components, the torus minus a
compact leaf is a transversely categorical saturated open set, and hence cat∩| F = 2.
Here is a second example with finite transverse category. Consider the following
foliation Fα on S3. Think of S3 as the union of two solid tori D2 × S1 which are glued
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together by means of a homeomorphism on the boundary that interchanges meridian and
longitude. For each t ∈ (0,1], consider the irrational flow on the torus S1t × S1, where S1t
is the circle of radius t (consider slopes α and 1
α
, respectively in each solid torus). The
foliation whose leaves are the orbits of these flows and the core of each solid torus has
two compact leaves and the rest of the leaves are lines. Alternatively, we can define this
foliation as the orbits of the following locally free action of R on S3:
t · [z,w] = [e2πit z, e2πiαtw].
Clearly Fα is a smooth Riemannian foliation. In order to construct a categorical covering,
observe that each solid torus has a neighborhood which is a transversely categorical
saturated open set contracting to the core leaf. Then, cat∩| Fα = 2. This is a Riemannian
foliation for which there is no obstruction to move any non-compact leaf towards a compact
leaf.
The goal of this paper is to study the transverse category for Riemannian foliations with
both compact and non-compact leaves on compact manifolds.
In this setting, we know that the closures of the leaves determine a singular Riemannian
foliation (SRF) of the compact manifold M . We will decompose this SRF as a union of
compact-Hausdorff foliations. In each compact-Hausdorff foliation, our previous work [5]
shows how to analyze the obstructions to deform an open set by foliated homotopy.
In Section 1 we recall the definition of SRF and describe the Molino-stratification by
the dimension of the leaves. In any SRF there is an open dense set of leaves of maximal
dimension. These leaves are called regular leaves.
We also give a notion of holonomy for a SRF and we say that a leaf is exceptional if its
holonomy is non-trivial.
Section 2 concerns the behavior of the closures of the leaves under foliated homotopy.
We prove that the SRF defined by the closures of the leaves, F , is preserved by foliated
homotopy. As a consequence, we have the following
Proposition 2. If F is a Riemannian foliation, then
cat∩| F  cat∩| F .
For compact-Hausdorff foliations, we present in Section 3 several conditions equivalent
to the leaf space being Hausdorff. We recall that a Riemannian foliation with all leaves
compact is compact-Hausdorff. This will be determinant in the proof of the main result
since a SRF induces a Riemannian foliation with all leaves compact in the regular set.
In Section 4, the results and techniques presented earlier in the paper come together in
the proof of the
Main result 3. Let F be a Riemannian foliation on a compact manifold M . If there exists
a non-compact leaf L ∈F such that its closure L is an isolated exceptional leaf of the SRF
F and it is also a regular leaf, then cat∩| F = ∞.
The proof of this theorem uses the fact that a foliated homotopy preserves the SRF given
by the closures of the leaves as well as the techniques developed for compact-Hausdorff
foliations.
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The study of foliated categories have shown to depend strongly on examples. Section 4
introduces a new family of examples in which the transverse category of the SRF F is
finite but the existence of a leaf in the hypothesis of the Theorem 3 forces the transverse
category of F to be infinite.
1. Singular Riemannian foliations
A generalized distribution on a manifold M is a mappingD which assigns to every point
p ∈ M a linear subspace Dp of the tangent space TpM . The dimension of the subspaces
Dp may vary.
A distribution D is smooth if there exists an everywhere defined set of smooth vector
fields which spans D at each point p ∈ M . A submanifold S of M is an integral
submanifold of D if for every point p ∈ S, the tangent space TpS = Dp . A smooth
distributionD is integrable if for all p ∈ M , there exists an integral submanifold Sp passing
through p.
A singular foliation, in the sense of Sussmann [20] and Stefan [19], is the partition
of M given by the maximal connected integral submanifolds of an integrable smooth
distribution. The elements of the partition are called leaves and the dimension of the leaves
may vary.
A singular Riemannian foliation (SRF) [17] is a singular foliation with a Riemannian
metric such that every geodesic that is perpendicular at one point to a leaf remains
perpendicular to every leaf it meets.
For the rest of this section, G will be a SRF on a manifold M .
1.1. Stratification of (M,G)
We consider the stratification given by the dimension of the leaves [17]. Let Σr be the
union of the leaves having dimension r .
The stratum Σr is an imbedded submanifold of M . The union of strata
⋃
rs Σr is
compact, since the dimension of the leaves is semi-continuous.
If the minimal dimension of the leaves is m and the maximal is R, we call Σm the
minimal stratum and ΣR the regular stratum. The minimal stratum is a compact manifold.
The regular stratum is an open connected and dense submanifold of M . A leaf in ΣR is a
regular leaf, otherwise is a singular leaf.
Molino has proved that a Riemannian metric in the conditions of the definition of a SRF
induces in each stratum a bundle-like metric [17], that is, G induces a Riemannian foliation
GΣr on each stratum Σr .
1.2. Holonomy of a SRF
We define the holonomy of a leaf L in a SRF G as its holonomy as a leaf of the
Riemannian foliation in the corresponding stratum,
holG(L) = holGΣr (L)
with L ∈ Σr .
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There are several definitions of holonomy for singular foliations [1,2,8,9]. Note that
this definition of holonomy captures the complexity of the foliation in each stratum,
but not globally. For instance, if a stratum consists of a finite union of leaves, these
leaves will be always without holonomy. For our purposes will be enough to consider the
holonomy in each stratum since we will find the obstructions to the deformation locally, in
a neighborhood of a leaf contained in the regular stratum.
The exceptional set E of a SRF G is the union of all leaves with non-trivial holonomy,
E = {L ∈ G | holG(L) = 0}.
2. The structure of the leaf closures of a Riemannian foliation
If M is a compact connected manifold, the partition F determined by the closures of
the leaves on M is a SRF:
Proposition 2.1 [17]. If (M,F) is a Riemannian foliation on a compact connected
manifold, then (M,F) is a SRF.
We use the notation F -homotopy for a foliated homotopy preserving the foliation F
and F -homotopy for a foliated homotopy preserving the SRF F .
We will show that a F -homotopy of a saturated open set into a leaf L ∈ F is also a
F -homotopy into the leaf L ∈F .
Proposition 2.2. Let U ⊂ M be a saturated open set, and H :U × I → M be a F -
homotopy of the inclusion, where H1 has image in a single leaf L ∈ F . Then H is a
F -homotopy of the inclusion into the leaf L ∈F .
The proof of this proposition is based on the following lemmas.
Lemma 2.3. Let U ⊂ M be a saturated open set and L be a leaf of the Riemannian foliation
F such that L ⊂ U . Then L ⊂ U .
Proof. Consider the restriction of F to the closure of L, we have that L is a compact
manifold endowed with a foliation F |L with dense leaves.
Suppose that there exists a leaf L0 ⊂ L such that L0 ∩ U = ∅. The closure of L0 is L
since L0 is a dense leaf of F |L. Then for any neighborhood V of any point x ∈ L, we have
V ∩L0 = ∅. In particular U ∩L0 = ∅, which is a contradiction. So there does not exist any
leaf in L which is not in U . 
We use the notationF -foliated map for a map between foliated manifolds f : (M,F)→
(M ′,F ′) which sends each leaf of F in a leaf of F ′.
Lemma 2.4. Let (M,F) and (M ′,F ′) be two foliated manifolds and f :M → M ′ be a
F -foliated map. Then f is also a F -foliated map.
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Proof. By continuity of f , we have that f (L) ⊂ f (L). Since f is foliated, f (L) ⊂ L′ and
the result follows. 
Proof of the Proposition 2.2. By Lemma 2.3 we have that U is an open saturated set for
the SRF F . By Lemma 2.4, the map Ht is F |U -foliated where U is regarded as a foliated
manifold with the SRF induced by F on U . The map H1 has image in the leaf L which is
contained in its closure L ∈F . 
Corollary 2.5. If F is a Riemannian foliation, then
cat∩| F  cat∩| F .
3. Compact Riemannian foliations
We introduce now some basic facts about compact-Hausdorff foliations.
A compact foliation is a foliation with all leaves compact. A compact-Hausdorff
foliation is a compact foliation whose leaf space is Hausdorff.
The following theorem gives several conditions on a compact foliation F which are
equivalent to M/F being Hausdorff. It summarizes results due to Reeb [18], Epstein [10]
and more recently, Hurder and Walczak [13].
Theorem 3.1. Let F be a compact foliation of a compact manifold M . The following
conditions are equivalent:
(1) the quotient space M/F is Hausdorff ;
(2) the holonomy of every leaf is finite;
(3) there is a bound on the volume of the leaves;
(4) each leaf has arbitrarily small saturated neighborhoods;
(5) cat∩| F < ∞.
A compact Riemannian foliation is always compact-Hausdorff. For each leaf L in a
compact Riemannian foliation F we consider a tubular neighborhood Uε = {x ∈ M |
dist(x,L) < ε} of L with radius ε > 0 such that Uε is saturated by leaves and if L′ is
a leaf in Uε then the points of L′ are all at the same distance from L. Then each leaf
of a compact Riemannian foliation has arbitrarily small saturated neighborhoods and the
foliation is compact-Hausdorff by Theorem 3.1.
A compact SRF is a SRF with all leaves compact. In each stratum, a compact SRF
defines a Riemannian foliation with compact leaves, that is, a compact-Hausdorff foliation.
We will use strongly this fact in the proof of the main theorem.
Proposition 3.2. If F is a Riemannian foliation on a compact connected manifold M , then
(Σr,FΣr ) is a compact-Hausdorff foliation for all m< r < R.
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4. Category and exceptional leavesSuppose that L is a non-compact leaf whose closure L sits in the regular set of the SRF
F and L is an isolated exceptional leaf of F . We will show that it is not possible to find
any saturated transversely categorical open set containing L.
Theorem 4.1. Let F be a Riemannian foliation on a compact manifold M . If there exists a
non-compact leaf L ∈F such that its closure L is an isolated exceptional leaf of the SRF
F and it is also a regular leaf, then cat∩| F = ∞.
We recall the following two lemmas due to Hurder, which we will use in the proof of
the theorem.
Let U be a saturated open set and H :U × I → M be a foliated homotopy of the
inclusion.
Lemma 4.2 [12]. If F is a Riemannian foliation on a compact manifold, then H1(U) is
contained in a compact leaf L ∈F .
Lemma 4.3 [5]. If F is a compact-Hausdorff foliation and E is the exceptional set, then
Ht(E) ⊂ E for all t ∈ I .
Proof of Theorem 4.1. Let L be a non-compact leaf in the conditions of the theorem.
Suppose there exists a transversely categorical saturated open set U ⊂ M with L ⊂ U . Let
H :U × I → M be a foliated homotopy of the inclusion such that H1(U) ⊂ L0.
By Lemma 2.3, L ⊂ U and by Proposition 2.2, H is also a foliated homotopy for the
SRF F . Since the leaf L of F is regular, we can assume U ⊂ ΣR .
First, we will prove the existence of an open saturated neighborhood V of L and δ > 0
such that H(V × [0, δ])⊂ ΣR .
Consider in U × I the foliation given by L × {t}, where L ∈ F and t ∈ I . Let
W = H−1(ΣR) ⊂ U × I . Then W is a saturated open set containing L × {0} since
H(L× {0})= H0(L) = L ⊂ ΣR .
Fix a base {Uη × Iη} for the product topology on U × I . Then, for all (x,0) ∈ L×{0} ⊂
W there exists an open set Ux ⊂ U and ηx > 0 such that (x,0) ∈ Ux × [0, ηx) ⊂ W .
Since L× {0} is compact, there is a finite subcovering:
L × {0} ⊂
n⋃
i=1
Ui × [0, ηi) ⊂ W.
Let η = min{ηi | i = 1, . . . , n}, then [0, η) =⋂ni=1[0, ηi) and L × [0, η) ⊂ W : if (x, t) ∈
L× [0, η), then x ∈ Ui0 for some i0  n and t ∈ [0, ηi) for all i = 1, . . . , n.
Therefore for all δ < η, we have that L × [0, δ] ⊂ L × [0, η) ⊂ W ⊂ U × I . We will
construct a neighborhood of L in a similar way. For all (x, t) ∈ L × [0, δ] there exists a
basic neighborhood such that (x, t) ∈ V(x,t) × I(x,t) ⊂ W . Since L × [0, δ] is compact we
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have that {Vi × Ii | i = 1, . . . , n} covers L × [0, δ]. The saturation of each Vi × Ii is equal
to (satVi)× Ii therefore
L × [0, δ] ⊂
n⋃
i=1
(satVi)× Ii ⊂ W
since W is saturated.
Let V =⋂ni=1 satVi . The saturation of an open set is open, then V is an open saturated
set such that L× {0} ⊂ V × [0, δ] ⊂ W .
Now, we have that H(V × [0, δ]) ⊂ ΣR and we know that the SRF F determines
a compact-Hausdorff foliation F |ΣR on ΣR . Since H is F -foliated, we can apply
Lemma 4.3. Then Ht(L) ⊂ L for all t ∈ [0, δ] since L ⊂ E and it is isolated.
We want to prove that the leaf L is fixed for all t ∈ I .
Let J = {t ∈ I | Ht(L) ⊂ L} which is not empty and closed. We will show that J = I by
contradiction. Suppose that I \J = ∅. Let λ = inf{I \J }, then λ ∈ J since H is continuous.
Choose x ∈ L and denote Hx(t) = H(x, t). Consider the open set V = H−1x (ΣR), we
have that λ ∈ V . Then there is ε > 0 such that (λ− ε,λ+ ε)⊂ V . So Hx([0, λ+ ε])⊂ ΣR ,
and then Hx(λ + ε) ∈ L.
Therefore λ + ε ∈ J since H is foliated, which contradicts the fact that λ = inf{I \ J }.
Now we have that Ht(L) ⊂ L for all 0  t  1. In particular H1(L) ⊂ L, then
H1(L) ⊂ L. By Lemma 4.2 we know that H1(L) ⊂ L0 where L0 is a compact leaf of
F . Clearly L0 and L are different leaves of F (since L is non-compact) and we have a
contradiction. Then there is no transversely categorical saturated open set U ⊂ M with
L ⊂ U , and so cat∩| F = ∞. 
5. Example
We will construct a Riemannian foliation on a compact 3-manifold with both compact
and non-compact leaves, and whose category is infinite. This example illustrates the ideas
in the proof of Theorem 4.1.
Fix a vertical axis of the sphere S2 and consider the rotation rotα by an irrational angle
α about such axis. Let C denote the great circle perpendicular to the axis. Think of RP2 as
the set {z | z ∈ S2} of equivalence classes of points in S2 where z ∈ S2 ⊂ R3 is equivalent
to z′ if z′ = ±z. Consider the action of G = π1(S1) on the projective space RP2 given by
(n, z) 	→ rotα(z).
Let (M,F) be the Riemannian foliation defined by the suspension of the homomor-
phism
h :π1
(
S1
)→ Diff(RP2)
determined by the action above.
Then M = R ×Z RP2 is a compact 3-manifold without boundary. If we remove the
torus TC = R ×Z C from M what remains is the interior of a solid torus. The leaves of the
foliation on M are:
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lines given by the irrational flow in each concentric torus inside of the solid torus
one compact leaf S1 corresponding to the core of the solid torus
lines given by the irrational flow in the torus TC .
The SRF F is determined by the suspension of the homomorphism given by the action
of the closure of G, G = S1
S1 × RP2 → RP2.
The orbits of this action on RP2 are: circles without isotropy, one point which is fixed by
the action and the circle C with isotropy group Z2 . The corresponding leaves of the SRF
F are: tori without holonomy, one compact leaf S1 and the torus TC with holonomy Z2.
The minimal stratum is the compact leaf S1 and the regular stratum is ΣR = Σ2 =
M \ S1.
We will describe in detail the compact-Hausdorff foliation FΣ2 on the regular stratum.
Let us consider the product fibration T 2 × J → J and the reflection on the interval
J = (−1,1) given by the action of Z2. Passing to the quotient, we have a Seifert fibration
T 2 ×Z2 J → J/Z2 where T 2 ×Z2 J = Σ2 and the leaf space is the Satake manifold
J/Z2 = [0,1). The singular point {0} in the Satake manifold J/Z2 corresponds to the torus
leaf L = TC with holonomy Z2, that is, the only exceptional leaf of the compact-Hausdorff
foliation FΣ2 .
Then each leaf L ∈ F whose closure is the exceptional leaf L = TC of F is in the
hypothesis of the Theorem 4.1 and therefore there is no transversely categorical open
saturated set U containing L.
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